Abstract: Let (M, ω) be an integral symplectic manifold. We study a family of hermitian vector bundles on the space J of almost complex structures on M compatible with ω, whose fibers consist of nearly holomorphic sections of powers of a prequantum line bundle. We obtain asymptotics of the curvature of a natural connection in these bundles. These results, together with Toeplitz operator theory, provide another proof of Donaldson's result that the action of Ham(M) on J is hamiltonian with moment map the scalar curvature. We also give an example involving Teichmüller space and discuss a relationship between parallel transport and the Schrödinger equation.
Introduction
Let L → M be a hermitian line bundle with connection, and assume that its curvature, ω, is everywhere non-degenerate so that (M, ω) is a symplectic manifold. Let J denote the infinite-dimensional space of all almost complex structures on M that are compatible with the symplectic form ω:
J is an infinite-dimensional Kähler manifold naturally associated with the symplectic manifold (M, ω). The Kähler structure of J can be described as follows. The tangent space to J at one of its points, J , is easily seen to be
The Kähler form, , on J , is given by
where n = dim(M)/2, while the complex structure is given by composition with J . (For each x ∈ M the integrand above is the symplectic structure on the linear compatible complex structures on T x M.) In addition, the group Ham(M) of hamiltonian symplectomorphisms of M acts on J , with moment map a constant times the scalar curvature, [8] .
In this paper we raise the issue of pre-quantizing J , that is, finding a hermitian line bundle with connection L → J whose curvature is the Kähler form, , of J . It is natural to expect that the line bundle L will be a determinant line bundle, with a Quillen metric and connection. There is indeed a natural candidate for L of this sort, namely, the determinant line bundle associated with the family of Spin-c Dirac operators indexed by J ∈ J . The purpose of this paper, however, is to show that the theory of BerezinToeplitz operators (in the general symplectic context of almost-Kähler quantization, [4]) provides us with a pre-quantization of J , at least asymptotically. More precisely, over any open set U ⊂ J bounded in the C 3 topology, we will exhibit a natural family of hermitian line bundles with connection, L N → U, whose curvature is asymptotic as N → ∞ to N n (here N is a positive integer).
The construction is as follows. Given J ∈ J , the associated Riemannian metric on M, g J = ω(·, J ), and the structures on L define a metric Laplacian on sections of L ⊗N ,
where [12, 17] , there exist positive constants C 1 and C 2 such that
so that if N is large enough there is a well-defined band of eigenvalues near the origin. Moreover, the number d N of such low-lying eigenvalues (counted with multiplicities) equals the Riemann-Roch number of (M, N ω):
